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Abstract. This paper addresses the informational asymmetry for con-
structing an ultrametric evolutionary tree from upper and lower bounds
on pairwise distances between n given species. We show that the tallest
ultrametric tree exists and can be constructed in O(n2) time, while the
existence of the shortest ultrametric tree depends on whether the lower
bounds are ultrametric. The tallest tree construction algorithm gives a
very simple solution to the construction of an ultrametric tree. We also
provide an efficient O(n?)-time algorithm for checking the uniqueness of
an ultrametric tree, and study a query problem for testing whether an
ultrametric tree satisfies both upper and lower bounds.

1 Introduction

Constructing the evolutionary tree of a species set is a fundamental problem in
computational biology. Such trees describe how species are related to one another
in terms of common ancestors. A useful computational problem for constructing
evolutionary tree is that given an n x n distance matrix M where M;; is the
observed distance between two species ¢ and j, find an edge-weighted evolution-
ary tree in which the distance d;; in the tree between the leaves 7 and j, equals
M;;. Pairwise distance measures carry some uncertainty in practice. Thus, one
seeks a tree that is close to the distance matrix, as measured by various choices
of optimization objectives [2,3, 6, 8].

This paper focuses on the class of uwlirametric trees [5,7-9]. An ultrametric
tree is a rooted tree whose edges are weighted by a non-negative number such
that the lengths of all the root-to-leaf paths, measured by summing the weights
of the edges, are equal. A distance matrix is ultrametricif an ultrametric tree can
be constructed from this matrix. Figure 1 shows an example of an ultrametric
matrix and an ultrametric tree constructed from this matrix.
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Fig. 1. a. An ultrametric matrix M. b. An ultrametric tree for M.

In practice, when distance measures are uncertain, a distance is expressed as
an interval, defined by a lower bound and an upper bound for the true distance.
From such data, we obtain two distance matrices M* and M", representing pair-
wise distance lower and upper bounds. The tree construction problem becomes
that of constructing an ultrametric tree whose pairwise distances fit between two
bounds, i.e., ij < dg < MZ’} Farah, Kannan and Warnow [4] gave the first
known algorithm for constructing ultrametric trees from the sandwich distances.

This paper studies the informational asymmetry between lower and upper
bounds 1n the construction of ultrametric trees. Our results are as follows:

— Given an upper bound matrix, the tallest ultrametric tree, where the distance
of any two leaves reaches the maximum among all satisfied ultrametric trees,
can be constructed in O(n?) time. This result immediately leads to a new
and simpler tree construction algorithm than that of [4].

— Given a lower bound matrix, the shortest ultrametric tree, defined similarly
to the tallest ultrametric tree, exists if and only if the matrix is ultrametric.

— We provide an O(n?)-time algorithm to check the uniqueness of an ultra-
metric tree satisfying given upper and lower bounds.

— We study a query problem: if a lower bound matrix and an upper bound
matrix are given, how fast can we determine whether an ultrametric tree
satisfies both constraints? This problem is useful, for example, for developing
an interactive software for finding the most suitable tree among many. We
present an algorithm to test the satisfaction of the upper bound constraints
in O(n) time after preprocessing the upper bound matrix. A similarly fast
algorithm for testing the lower bounds remains open.

2 Notation

Let M represent a distance matrix, and M* and M” represent the lower bound
and upper bound matrices for M. Let d;; represent the distance between leaf
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¢ and leaf j in a tree, defined as the length of the path connecting two leaves.
Given a tree U, d% represents that distance in U. If U 1s ultrametric, the height
of U is denoted by function A(U), or A(r) if r is the root of U.

An n x n distance matrix M corresponds to an undirected edge-weighted
complete graph G with n vertices, where a vertex represents a species and the
weight w(i, j) of edge (¢,7) is M;;. G is also said to be the corresponding graph
to M. For the lower bound matrix M* and the upper bound matrix M”, their
corresponding graphs are denoted by G* and G”, and the weight functions are
wt() and wh().

3 Constructing the tallest ultrametric tree

This section discusses the problem of finding the tallest ultrametric tree for
any upper bound matrix. We give a simple O(n?)-time algorithm that takes
advantages of the minimum weight spanning tree.

Fact 1 (see [1,4,8]) A matriz is ullrametric if and only if in the corresponding
complete weighted graph, the largest weight edge in any cycle of more than one
node 1s not unique.

Proof. Straightforward. O

Suppose we have an upper bound matrix M” on the pairwise leaf-leaf dis-
tances of an ultrametric tree. There are many ultrametric trees satisfying M",
but which one is the tallest? The following algorithm gives the answer. Let G"
be the corresponding graph of M".

Algorithm Compute_Tallest_Tree

1. Construct the minimum weight spanning tree 7' of G".
2. Sort the edges of 7" in decreasing order as ey, €3, ...,€,_1.
3. Return the tree U constructed by the following procedure:

(a) If T is empty, return a leaf with zero height.

(b) Otherwise, remove the first edge e; from T, leaving two subtrees, 77 and
Ty, each of which maintains its edges in decreasing order.

(¢) Recursively construct a tree Uy from 77, and a tree Us from Ts.

(d) Construct a root r for U with height A(U) = %wh(el), and attach U
to r with an edge weighted $w"(e1) — A(U1) and Us to r with an edge
weighted %wh(el) — h(U3).

(e) Return U.

This algorithm constructs an ultrametric tree in O(n?) time:

Lemma 1. Algorithm Compute_Tallest_Tree runs O(n?) time and returns an
wltrametric satisfying the given upper bound matriz.
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Proof. The algorithm takes O(n?) time to build the minimum weight spanning
tree T', and O(nlogn) time to sort the edges. Maintaining the edges in the
subtrees of 7' in decreasing order (at Step 3b) takes O(na(n,n)) time by using
the disjoint-set forest data structure, where a() is the inverse of Ackermann’s
function, and «(n,n) < 4 in any conceivable application. Here we implicitly
use the fact that any connected subtree of a minimum spanning tree is still a
minimum spanning tree. Therefore, the total time complexity is O(n?). At Step
3d, if both Uy and U, are ultrametric, U is ultrametric because the distance from
root r to any leaf is %wh(el). Step 3a returns a tree that has only one leaf and
is ultrametric, so by recursion U is ultrametric. U also satisfies the upper bound
matrix: for any two leaves = of Uy and y of Us, the weight of the edge w”(z,y)
in graph G" is at least w”(ey), which equals dey; otherwise, we could replace e
by (z,y) in T. O

Theorem 2. The tree U constructed by Algorithm Compute_Tallest_Tree is the
tallest ultrametric tree.

Proof. Let & and y be any two leaves of U, and ¢ be their lowest common
ancestor. Let (a, b) be the edge in the minimum spanning tree 7" whose removal
generates ¢ at Step 3d of Algorithm Compute_Tallest_Tree. Then,

U _ U _ h
dxy - dab _Mab'

O
Y T2
c P
/\ Sy v
, U1l \ / u2 \ ! o - \
l/ . \\ l/ . \\ b
Il \\ Il \\ VI+1
a X y b

Ultrametric Tree U Minimum Spanning Tree T

Fig. 2. Constructing an ultrametric tree using a minimum spanning tree

Let U1 and Uy be two immediate subtrees of ¢, which are constructed from
two subtrees T} and 715 of T, respectively. Assume that leaf ¢ and leaf z are
under Uy, and leaf b and leaf y are under Us, as shown in Figure 2. Note that 7}
is a connected component and thus contains a path from z to a, and similarly
T5 contains a path from b to y. Combining them with the edge (a,b), we obtain
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a path P from z to y, t.e.,
P=z—vn—.—v—a—-b—vy1—..—v; —y.

Note that (a,b) is selected in the algorithm because it has a larger weight than
any other edge in 7} UT5. Thus,

max M! = M},
(w,z)EP

Let V be any other satisfied ultrametric tree. By Fact 1, d‘x/y should not be the
sole largest distance in the cycle P U (z,y). Thus,

dV < max dY

h
< max M
Ty — (w,2)EP w2z w

“ (w,z)EP 2
Combining all the inequalities, d‘x/y < dey and U 1s the tallest ultrametric tree.
O

Theorem 2 immediately leads to the following theorem:

Theorem 3. Algorithm Compute_Tallest_Tree constructs an ultrametric tree sat-
wsfying both lower bound and upper bound constraints, if one exists.

Proof. Algorithm Compute_Tallest_Tree constructs the tallest ultrametric tree
U for upper bounds. If lower bounds are also given, either U satisfies the lower
bounds, or no tree satisfies them. O

4 Asymmetry between upper and lower bounds

We have shown how to construct the tallest ultrametric tree in Section 3. How-
ever, the shortest ultrametric tree may not exist. The following lemma explains
the asymmetry between upper and lower bounds.

Lemma 2. There exists a lower bound matriz L such that for any ultrametric
tree V that satisfies L, there is an upper bound matric H which V' cannot satisfy
but some ultrametric tree U satisfies both L and H.

Proof. Consider a lower bound matrix L having three elements a, b and ¢, whose
distances are z, y and z, satisfying > y and = > z. Let d,, be the maximum
distance in L. We construct two upper bound matrices H, and Hs, where every
distance equals d,;, except the three distances shown below.

Libel|Hi|bc||Halbc
alryllalzz||alzy

bl z||b]| z[|b]| =
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Every element in H; is at least as large as the corresponding element in L, and
Hy is ultrametric by Fact 1. Thus, there are ultrametric trees satisfying L and
Hy. Let V be such a tree. So d}l/b and dl‘]/c are fixed: d}l/b = x and dl‘]/c = z. By
Fact 1, d¥, = x, which is larger than the corresponding element y in Hs. V does
not satisfy Hy. Similarly, Hs is ultrametric and any ultrametric tree satisfying
L and Hs does not satisfy H;. Therefore, no ultrametric tree satisfies both H;
and H, at the same time. 0O

By Lemma 2, a lower bound matrix does not have a shortest ultrametric tree
if there exists a three-element cycle whose largest value i1s unique. On the other
hand, if the largest value of any of its three-element cycle is non-unique, then,

Lemma 3. If any three element cycle in a matriz has a non-unique largest value,
so does any cycle in the matriz.

Proof. Let M be a matrix where the largest value in any three-element cycle
is not unique. Assume there exists a cycle C' = (v1,va, ..., vg, v1), in which £ >
3 and M,,,, 1s the unique largest value. We decompose (' into three-element
cycles: (v1,v2,v3,v1), (v1,v3,v4,01), ..., and (v1, vp_1, Vg, v1). Since the largest
value in any of them is not unique, the first cycle has M, ,, = M,,,, because
My v, > My, by the assumption. Similarly, My,,, = My,y,,, in the ith cycle,
for i = 2,...,k— 1. Combining these results, M,,,, = My,o,, which contradicts
our assumption. Thus the largest value in any cycle of M is not unique. O

Theorem 4. A lower bound matriz has a shortest ultrametric tree if and only
of 1t 1s ultrametric.

Proof. If a lower bound matrix is ultrametric, by definition, an ultrametric tree
can be constructed from this matrix. This tree is the shortest. If a lower bound
matrix has a shortest ultrametric tree, by the proof in Lemma 2, the largest
value in any three-element cycle is not unique. So does any cycle in the matrix,
by Lemma 3. Finally, by Fact 1 this matrix is ultrametric. O

5 Uniqueness of ultrametric tree

Given M* and M"  is the ultrametric tree built by Algorithm Compute_Tallest_Tree
topologically unique? Knowing the uniqueness is of vital importance because 1t
indicates the significance of the tree.

We first define what kind of trees have the same topological structure. An
edge-weighted tree 18 compact if it has no zero-weight edge. A tree can be com-
pacted by merging any two internal nodes into a single node if they are connected
by a zero weight edge. A compact ultrametric tree is one that is compact. Any
ultrametric tree can be converted into a compact ultrametric tree by merging,
but the resulting tree may not be binary. Assume all the trees have the same set
of labeled leaves. An internal node can be represented by a leaf set, consisting of
all the descendent leaves of the node. A tree can be represented as the superset
of leaf sets, where every element in the superset corresponds to an internal node,
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and vice versa. Two trees are equivalent or have the same topological structure if
their representing supersets are the same, in other words, if there 1s a one-to-one
mapping between all nodes that preserve the parent-child relation. Two compact
ultrametric trees may have the same topological structure even though their edge
weights are completely different. In discussing topological structures, the edge
weights are ignored, because equivalent evolutionary trees give the same evolu-
tionary process, and the difference in distances are usually caused by measuring
erTors.

Given M* and M" we construct an ultrametric tree from M” by Algorithm
Compute_Tallest_Tree, and then convert it into a compact tree U. We can check
the uniqueness of U by the following lemma:

Lemma 4. For given M* and M", the compact ultrametric tree U, constructed
from Algorithm Compute_Tallest_Tree, is unique if and only if for every internal
node u, any two children v; and u; of u satisfy that maXMfy = h(u), for any
leaf x under u; and any leaf y under u;.

Proof. Suppose that M* and M" define a unique compact ultrametric tree. Since
U is the tallest compact ultrametric tree for M” | it satisfies M* and is unique.
Assume the lemma does not hold, then there exist two different children u; and
u; of u, such that maxMﬁy < h(u), for any two leaves # under u; and y under
uj. Let dy,u; = maXMfy and dp, = max(dy,u,, h(u;), h(u;)). We can construct a
different tree from U by deleting two children u; and u; from u, and replacing by
a child v’ who has two children v; and u;, and A(u') = %(ﬁ(u) + dp). This tree
is a compact ultrametric tree because h(u) > h(u') > dp,, and it is topologically
different from U, contradicting the uniqueness of U.

Conversely, if any two children u; and wu; of u satisfy that max Mfy = h(u) for
any leaf x under u; and any leaf y under u;, we state that U is unique. Assume
there exists another topologically different tree V. Let dey be the minimum value
among those who satisfy d‘x/y < dey (U is the tallest). dey must exist, otherwise
V equals U because all pairwise distances of V' are equal to those of U. Let u be
the least common ancestor of # and y in U, u, be the child of u that contains z
as a descendant, and u, be the child of u that contains y as a descendant. Let
Se be the set of leaves under u, and Sy be the set of leaves under u,.

For any w € S, dY, < d%, = hY(us) < dey, and for any z € Sy, d;jz <
dgz = hY(uy) < dey. By Lemma 3 and Fact 1, d/, < max(d‘x/y, d;jz) < dey. Thus,
in V, the distance between x and any other leaf in S, U Sy is less than dey.
So is the distance of any pair of leaves in S, U S,. However, it contradicts the
condition in the lemma that there exist a pair of leaves w € S, and z € S, with
M, = hY(u) = df,. Hence, V can not exist, and U is unique. O

Theorem 5. Given M* and M" as input, we can determine the uniqueness of
ultrametric trees in O(n?) time.

Proof. We can construct a compact ultrametric tree U in O(n?) time by Al-
gorithm Compute_Tallest_Tree, and then check the conditions of every internal
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node in a child-parent topological order in O(n?) time by Lemma 4, because
every pair of leaves is visited exactly once. 0O

6 Query of ultrametric trees

Assuming that we have obtained new ways to estimate the evolutionary distances
between species (by some new evidence), and there are many previously com-
puted ultrametric trees (by other evidences), finding the suitable trees among
them may suggest new relations between these evidences. This section studies
this query problem: given M* and M” and an ultrametric tree V', does V satisfy
M* and M"? A naive algorithm runs in O(n®) time by checking O(n?) pairs of
leaves in V' and calculating the distance of each pair in O(n) time. We can im-
prove O(n?) to O(n?) by pre-calculating the lowest common ancestor in linear
time, and thus finding the distance of each pair of leaves in constant time. If
preprocessing is permitted, is there a faster algorithm than O(n?)?

Lemma 5. We can preprocess the upper bound matriz M" in O(n?) time, so
that for any given ultrametric tree V, whether V satisfies M" can be determined
in O(n) time.

Proof. Assume we have built the tallest ultrametric tree U by Algorithm Com-
pute_Tallest_Tree, and have calculated the lowest common ancestor (Ica) function
for V in linear time. We define a recursive function f to map a node in U to a
node in V:

fu) = v ifuisaleafin U,visaleafin V, u=v
 lea(f(ur), f(uy)) if w has children w; and u,

For each internal node u, f returns an internal node v under which its leaves
form a superset of the leaves under u. By Ica function, v is the lowest node whose
leaves form the minimum superset.

We sort all the leaves and internal nodes of U into a topological order
U1, U, ..., where a node appears before its parent, in O(n) time by a depth-
first search. For each w;, if AY (f(u;)) < kY (u;), V satisfies M"*. We next show
this in two steps. First, because uy, us, ... follow the topological order (child to
parent), we can calculate v1 = f(u1),v2 = f(uz2),... in this order in O(n) time.
Second, if u has two children u; and us and v = f(u), A" (v) < AY (u) indicates
that for any pair of leaves w under u; and z under us, d}/(w)f(z) < 2hY(v) <
2hY (u) = dY, < M?,. Visiting every node in U and checking the corresponding
inequality is equivalent to comparing the distance of every pair of leaves in U
with that in V. If all of them hold, V satisfies M". Otherwise, if R (v) > kY (u),

there must exist a leaf w under w; and z under us such that d}/(w)f(z) >d,,

violating the assumption that U is the tallest (by construction) in Theorem 2.

The preprocessing takes O(n?) time and O(n) space to construct U and sort
a topological order. To answer a query, it takes O(n) time and O(n) space to
calculate function f, and the same for visiting O(n) nodes of U and evaluating
O(n) inequalities. O
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However, for lower bound matrices, whether there is an algorithm better than
O(n?) time remains an open question. Unlike upper bound matrices having the
tallest ultrametric tree, lower bound matrices may have multiple minimal trees
as shown in Section 4. This asymmetry prevents the linear time checking algo-
rithm in Lemma 5 from being applicable to the lower bounds.

Open Problem By preprocessing, is there an algorithm that can test whether
a tree satisfies a lower bound matriz faster than O(n?) time?
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