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Abstract

In vitro evolution is a new, important laboratory method to evolve molecules with desired

properties. It has been used in a variety of biological studies and drug development. In this

paper, we study one important mutagenesis method used in in vitro evolution experiments

called DNA shuffling. We construct a mathematical model for DNA shuffling and study the

properties of molecules after DNA shuffling experiments based on this model. The model for

DNA shuffling consists of two parts. First we apply the Lander-Waterman model for physical

mapping by fingerprinting random clones to model the distribution of regions that can be

reassembled through DNA shuffling. Then we present a model for recombination between

different DNA species with different mutations. We compare our theoretical results with

experimental data. Finally we propose novel applications of the theoretical results to the

optimal design of DNA shuffling experiments and to physical mapping using DNA shuffling.



1 Introduction

In vitro evolution is a laboratory method to evolve molecules with desired properties. It

has been successfully applied to a wide range of biological studies such as protein-DNA

interaction, catalytic properties of RNA molecules, and catalytic properties of single-stranded

DNA molecules (see Fitzwater and Polisky 1996 and Gold et al. 1995 for recent reviews). The

basic principle of in vitro evolution experiments can be summarized as follows. First a library

of random molecules—DNA, RNA or protein—is constructed. The molecular library can be

composed of completely random molecules of peptides or oligonucleotides. It can also be

composed of many variants of one or more parent molecules obtained through mutagenesis.

The potential diversity of a random library can be huge. For a protein molecule of N residues,

the potential library contains 20N molecules ( a number which can easily exceed the number

of molecules in a test tube). Thus a completely random library may not be a good choice

as any library can only contain a very small fraction of the potential molecules if N is

relatively large, say over 50. The molecules with the desired property have a low probability

of belonging to this relatively sparsely sampled library. Instead, a library generated through

mutagenesis from one or a few molecules already known to have some desired property might

be more useful.

Once a molecule library is constructed, some molecules in the library might have a specific

function of interest. A selection or screening procedure is used to isolate those molecules.

This is referred as the selection step. The experimental protocols for selection or screening
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depend on the molecular properties of interest. The number of molecules remaining after the

selection step is usually small. To increase the diversity of the molecules being explored, the

selected molecules can be put through a mutation process called mutagenesis. The molecules

generated through mutagenesis are then amplified by polymerase chain reaction (PCR) or

other amplification methods. This is referred as the amplification step. The processes of

selection, mutagenesis, and amplification form one cycle of the experiment. The experiment

is repeated for multiple cycles until molecules of the desired property are selected. Irvine et

al. (1991) and Sun et al. (1996) studied in vitro evolution not involving the mutagenesis

step mathematically.

Mutagenesis is one important step in in vitro evolution experiments. It can be used

to generate the initial random molecule library. It is also used to increase the diversity of

molecule libraries after each amplification and selection step. The technique for mutagen-

esis should also be easily implemented in multiple cycles of in vitro evolution experiments.

Without the mutagenesis step in in vitro evolution experiments, we are confined to select

only molecules that were in the initial library. Because the initial molecular library usually

contains only a very small fraction of the potential molecules, with low probability the li-

brary contains molecules with desired properties. Thus in vitro evolution of large molecules

is most likely to fail without using mutagenesis. Mutagenesis methods have been and are

continuing to be developed. In this paper we consider one important mutagenesis method

called DNA shuffling.

DNA shuffling, also called sexual PCR, was developed by Stemmer (1994ab). It has been
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successfully applied to improve the drug resistance of β-lactamase (Smith 1994, Stemmer

1994ab, Stemmer 1995, Zhang et al. 1997, Crameri et al. 1997, Patten et al. 1997),

to optimize industrial enzymes (Shao and Arnold 1996, Arnold and Moore 1997, Kuchner

and Arnold 1997), to help the development of pharmaceuticals and vaccines (Pattern et al.

1997), and to distinguish functional from nonfunctional mutations (Zhao and Arnold 1997).

Recently, DNA shuffling has been used to recombine a family of molecules from diverse

species (Crameri et al. 1997).

The principle of DNA shuffling can be described as follows. A pool of closely related

molecules with different point mutations is prepared either through error-prone PCR (Leung

et al. 1989, Cadwell and Joyce 1992) or other mutation techniques such as oligonucleotide-

directed mutagenesis (Reidhaar-Olson and Sauer 1992). The first step in DNA shuffling is to

break the molecules into random fragments using DNase I which can randomly create nicks

along each strand of a DNA molecule. Then fragments of lengths within a certain range

are sampled. These sampled fragments go through PCR without added primers. There are

three steps in the PCR process without primers. The first step is denaturing by increasing

the temperature so that double-stranded fragments are separated completely into single-

stranded ones (Figure 1a-b). The second step is annealing by lowing the temperature so

that single-stranded fragments anneal to other fragments overlapping by a certain number

of bases that are complementary at the overlapping region (Figure 1b-c) . After the annealing

step, homologous templates prime each other to form 5′ and 3′ overhangs. The third step is

polymerase extension by increasing the temperature to the level for the DNA polymerase to
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extend the 5′ overhangs using the other annealed strand as template. The 3′ overhangs are

not changed as DNA polymerase can only extend from a 5′ end (Figure 1c-d). The three

steps of denaturation, annealing and polymerase extension are repeated for multiple cycles.

The average fragment length is increased in each PCR cycle. After many cycles of PCR

without added primers, we expect to obtain molecules of the original size. When a template

from one molecule primes a fragment from another molecule, recombination occurs. The idea

behind DNA shuffling is that, by recombining beneficial mutations from different molecules,

we can obtain molecules with even increased function.

( Note: Figure 1 is about here)

To better understand DNA shuffling and to make it applicable to more problems, a model

is needed for DNA shuffling. Moore et al. (1997) studied a simple mathematical model of

recombination between different molecules in DNA shuffling experiments assuming that the

lengths of the fragments to be reassembled are less than the distances between the mutations.

The objective of this study is to construct a mathematical model for DNA shuffling under

more general situations, to analyze the properties of DNA shuffling products based on the

proposed model, and to compare the theoretical results with experimental data. Finally we

present the applications of the theoretical results to the optimal design of DNA shuffling

experiments and propose a new method of physical mapping using DNA shuffling.

4



2 Modeling the Distribution of Random Fragments

In DNA shuffling, the genomic DNA is first broken into fragments by DNase I. Then frag-

ments of lengths within a certain range are sampled and are used in DNA shuffling. This pro-

cedure is the same as in nucleic acid cloning. In nucleic acid cloning experiments, molecules

are first fragmented by restriction enzymes and fragments of lengths within the cloning range

of certain vectors are cloned. The distribution of the randomly cloned fragments along the

genomic DNA from the nucleic acid cloning experiments was successfully modeled by Lan-

der and Waterman when they studied the progress of physical mapping by fingerprinting

random clones (Lander and Waterman 1988). In their model, it is assumed that random

fragments are distributed along the genome according to a Poisson process with parameter

c, where c is the coverage of the random fragments for the original genome. The parameter

c can be calculated as the sum of the lengths of the sampled random fragments divided by

the length of the original genome. The probability that there are k fragments with starting

points within an interval of length t is (ct)k exp(−ct)/k!. As a first step, we assume that the

sampled fragments are of the same length L. By rescaling, we can always assume L = 1.

We assume that two templates can anneal to each other and thus be extended if and only

if they overlap at least a fraction, θ, of the length of the fragments and are complementary

at the overlap region. In physical mapping, overlapping fragments are connected to form

one contiguous region along the genome called an island. The gaps between islands are

called oceans. The number of islands, the number of clones in an island and the expected
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length of an island have been obtained under the Lander-Waterman model (Lander and

Waterman 1988). These quantities are also important in the study of DNA shuffling. For

example, islands represent regions that can be reassembled through DNA shuffling and oceans

represent regions that can not be reassembled through DNA shuffling. The expected length

of an island corresponds to the average length of regions that can be reassembled through

DNA shuffling. We restate Lander-Waterman’s results in the context of DNA shuffling.

Theorem 1 Let θ be the fraction of fragment length which two fragments must share in order

to anneal and be extended, N be the number of sampled fragments and c be the coverage. Then

1. The expected number of regions that can be reassembled through DNA shuffling is

N exp(−c(1− θ)).

2. The expected number of regions reassembled from j fragments by DNA shuffling is

N exp(−2c(1− θ))(1− exp(−c(1− θ))j−1.

3. The expected number of regions reassembled from at least two fragments is

N exp(−c(1− θ))−N exp(−2c(1− θ)).

4. The expected length of a region reassembled through DNA shuffling is

(exp(c(1− θ))− 1)/c + θ.

One of the objectives of DNA shuffling is to recombine mutations from different DNA

species. For simplicity, let us consider two DNA species with two different mutations M1
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and M2. Let the distance between the two mutations be t. In order to obtain molecules with

both mutations M1 and M2, it must be possible to reassemble fragments joining M1 and M2

through DNA shuffling although this is not sufficient. We call the region between M1 and

M2 the target. The probability that this target can be reassembled through DNA shuffling

is of interest. Unfortunately there are no explicit closed formulas for this probability. A

simulation algorithm has been written to approximate this probability for given values of

coverage c, overlap fraction θ, and target length t. Table 1 gives this probability for t = 25,

c from 4 to 10 by step 1, and θ = 0.0, 0.25, 0.50, respectively.

( Note Table 1 is about here)

From this table we see that the overlap fraction θ plays a very important role for the

probability that the target can be reassembled. For example, at the coverage of c = 10, the

probability that a target of length t = 25 can be reassembled is 0.99 when very small fraction

of overlap is needed for fragments to anneal and extended compared to only 0.19 when about

half the length of the fragment is needed to anneal and extended. Thus to obtain high

probability that a target can be reassembled by DNA shuffling, the experimental conditions

should be chosen such that short overlap is needed to anneal and extended. But there is a

trade-off here. Such experimental conditions might introduce more mutations during DNA

shuffling. The balance of increasing the probability that the target can be reassembled and,
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at the same time, minimizing the mutation rate in DNA shuffling should be considered in

designing DNA shuffling experiments.

As in Lander and Waterman (1988), we can show that, given a specific target can be

reassembled through DNA shuffling, the probability that the island contains k fragments is

exp(−c(1− θ))(1− exp(−c(1− θ)))k−1.

The above results can be extended to the case that, L, the length of fragments to be

reassembled is a random variable as in Arratia et al. (1991) and Waterman (1995). Let

the fragment length L be independent identically distributed (iid) with mean E(L) = 1 and

cumulative distribution function F (l). Define

J (x) = P (L > x) = 1− F (x),

and

J(x) = exp{−c
∫ ∞

x
J (l)dl}.

Then it can be shown that the results of Theorem 1 hold by replacing exp(−c(1− θ)) with

J(θ).
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3 Modeling Recombination

In the above section, we only model the distribution of random fragments and the corre-

sponding regions that can be reassembled through DNA shuffling along the genome. We

ignore the differences among different DNA species. In DNA shuffling, one important ob-

jective is to obtain new DNA species by recombining mutations from the available different

DNA species. In this section, we model the recombination process among different DNA

species.

We assume that the mutations are not extensive enough to hinder strand annealing. In

modeling the recombination between different DNA species, it is necessary to make a critical

assumption as to the annealing (or association) of complementary strands as with moderate

and higher coverage it is possible a strand may overlap several strands. Classical reassociation

studies (Britten et al. 1974) showed that the rate of reassociation of two complementary

strands increases as the square root of the strand length (Wetmur and Davison 1968). If a

fragment, F1, overlaps several other fragments, the fragment with the largest overlap with

F1 has a relatively higher probability of annealing with F1 than those fragments with short

overlaps. For simplicity, we assume that overlapping fragments of F1 (overlapping by at

least θ) are equally likely to anneal to F1. Both F1 and the annealed strand are extended

using the other strand as a template. We refer to this model as the equally likely model.

Then any full length reassembled molecule can be regarded as concatenations of random

fragments. The region between the right ends of any two consecutive fragments is assumed
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to be randomly chosen from the corresponding region of the parent molecules proportional

to their concentrations.

It is then important to study the distribution of the distances between the right ends of

consecutive fragments forming a full length reassembled molecule. Starting from the right

end of the molecule, we label the fragments consecutively. Let the distance between the

right end of the i− 1-st fragment and the right end of the i-th fragment be Di, i = 1, 2, · · ·,

which are iid random variables. Denote the right end of the i-th fragment as li (Figure 2).

We first consider only fragments with left ends in (li − θ− t, li − θ]. We will then let t tend

to infinity. Assuming that there is at least one fragment with left end in (li − θ − t, li − θ]

and that each of these fragments is equally likely to anneal to the i-th fragment, then the

distance from li − θ to the left end of the annealed fragment, X, is uniformly distributed on

(0, t] from the properties of Poisson processes. Let the length of the annealed fragment be

L (with a cumulative distribution function F (l).) Then L = X + θ + Di (Note that Di < 0

is possible) and Di = L−X − θ.

( Note: Figure 2 is about here)

P (Di ≤ s) = P (L ≤ s + X + θ) =
∫ t

0
F (s + x + θ)

dx
t

.
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Thus

P (Di > s) = 1− P (Di ≤ s) =
∫ t

0
(1− F (s + x + θ))

dx
t

.

We are conditional on the i-th fragment being extended, i.e. Di > 0. Thus

P (Di > s | Di > 0) =
∫ t
0(1− F (s + x + θ))dx
∫ t
0(1− F (x + θ))dx

.

Let t tend to infinity, we have

P (Di > s | Di > 0) =
∫∞
0 (1− F (s + x + θ))dx
∫∞
0 (1− F (x + θ))dx

.

In order that the right fragment ends along full length reassembled molecules form a

stationary renewal process, we assume that the right end of the first fragment has density

function (Page 211, Lange 1997)

f∞(s) =
P (Di > s Di > 0)

E(Di Di > 0)
=

∫∞
0 (1− F (s + x + θ))dx

∫∞
0

∫∞
0 (1− F (s + x + θ))dxds

=
∫∞
0 (1− F (s + x + θ))dx
∫∞
0 x(1− F (x + θ))dx

.

Then the distance from any fixed point to the next right fragment end along a full length

reassembled molecule also has the density function f∞(s).

Next we study the recombination probability between two mutations. suppose we have

two DNA species with two different mutations M1 and M2. Let t be the distance between the

two mutations. We denote the locus corresponding to M1 as 0 and the locus corresponding

to M2 as t. Let α and 1−α be the fractions of species 1 and species 2 molecules, respectively

(Figure 3). A sampled fragment is from species 1 with probability α and from species 2 with

probability 1− α. In order that a full length reassembled molecule has both mutations M1
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and M2, the segment covering 0 must be from species 1 (with probability α); the next right

fragment end must belong to (0, t) with probability

∫ t

0
f∞(s)ds =

∫ t
0

∫∞
0 (1− F (s + x + θ))dxds
∫∞
0 x(1− F (x + θ))dx

=
∫∞
0 x(F (x + θ + t)− F (x + θ))dx

∫∞
0 x(1− F (x + θ))dx

;

and the segment covering t must come from species 2 (with probability 1− α). Multiplying

all the above three probabilities, we obtain the probability of having both mutations

( Note: Figure 3 is about here)

p2 = α(1− α)
∫∞
0 x(F (x + θ + t)− F (x + θ))dx

∫∞
0 x(1− F (x + θ))dx

. (1)

The probability of having neither mutations is p0 = p2 and the probability of having only

one of the two mutations is p1 = 2(1− p0 − p2) = 2(1− 2p2).

Note that when the fragment length L is always less than t + θ, F (x + θ + t) = 1, x > 0.

Thus p2 = p0 = α(1− α) and the two mutations recombine independently.

Next we consider three special cases for the distribution of the lengths of the fragments

used for shuffling. Firstly if L > t + θ is a constant, then Di is uniformly distributed on

(0, L− θ].

p2 = α(1− α)
t

L− θ
(2− t

L− θ
). (2)
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Secondly, if L is uniformly distributed on an interval (a, b] and θ < a, then

P (Di > s | Di > 0) =







































1− 2s
a+b−2θ if s < a− θ,

(b−s−θ)2

(b−a)(a+b−2θ) if a− θ ≤ s < b− θ,

0 if ≥ b− θ ,

and

E(Di | Di > 0) =
(a− θ)2 + (b− θ)2 + (a− θ)(b− θ)

3(a + b− 2θ)
.

If t < a− θ, we have

∫ t

0
P (Di > s | Di > 0)ds =

∫ t

0
(1− 2s

a + b− 2θ
)ds = t(1− t

a + b− 2θ
),

and

p2 = α(1− α)
3t(a + b− 2θ − t)

(a− θ)2 + (b− θ)2 + (a− θ)(b− θ)
. (3)

If a− θ ≤ t < b− θ, we have

∫ t

0
P (Di > s | Di > 0)ds =

(a− θ)2 + (b− θ)2 + (a− θ)(b− θ)− (b− s− θ)3/(b− a)
3(a + b− 2θ)

,

and

p2 = α(1− α)(1− (b− s− θ)3

(b− a)((a− θ)2 + (b− θ)2 + (a− θ)(b− θ))
).

Thirdly, if L has an exponential distribution with mean 1/λ, i.e. F (x) = 1− exp(−λx),

then

P (Di > s | Di > 0) = exp(−λs).
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Thus, conditional on Di > 0, Di still has an exponential distribution with the same mean

and

p2 = α(1− α)(1− exp(−λt)). (4)

In practice, we usually do not know the underlying distribution of L. It is tempting to use

the mean value of L as the length of the fragments to be reassembled in DNA shuffling. Next

we show that this will overestimate the probability of recombination. From Equation (??)

and Equation (??), we only need to show that for 0 < t < E(L)− θ

∫∞
0 x(F (x + θ + t)− F (x + θ))dx

∫∞
0 x(1− F (x + θ))dx

≤ t
E(L)− θ

(2− t
E(L)− θ

).

That is

t(2(E(L)− θ)− t)
∫ ∞

0
x(1− F (x + θ))dx ≥ (E(L)− θ)2

∫ ∞

0
x(F (x + θ + t)− F (x + θ))dx.

Let

G(t)

= (E(L)− θ)2
∫ ∞

0
x(F (x + θ + t)− F (x + θ))dx− t(2(E(L)− θ)− t)

∫ ∞

0
x(1− F (x + θ))dx

= (E(L)− θ − t)2
∫ ∞

0
x(1− F (x + θ))dx− (E(L)− θ)2

∫ ∞

0
x(1− F (x + θ + t))dx

= (E(L)− θ − t)2
∫ ∞

0
x(1− F (x + θ))dx− (E(L)− θ)2

∫ ∞

t
(x− t)(1− F (x + θ))dx.

We only need to prove that G(t) ≤ 0, 0 < t < E(L)− θ.

G′(t) = −2(E(L)− θ − t)
∫ ∞

0
x(1− F (x + θ))dx + (E(L)− θ)2

∫ ∞

t
(1− F (x + θ))dx

G′′(t) = 2
∫ ∞

0
x(1− F (x + θ))dx− (E(L)− θ)2(1− F (t + θ))

= 2
∫ ∞

0
x(1− F (x + θ))dx− (E(L)− θ)2 + (E(L)− θ)2F (t + θ)
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Next we show that G”(t) > 0.

2
∫ ∞

0
x(1− F (x + θ))dx− (E(L)− θ)2

= 2
∫ ∞

θ
(x− θ)(1− F (x))dx− (E(L))2 + 2θE(L)− θ2

= 2
∫ ∞

0
x(1− F (x))dx− (E(L))2 − 2

∫ θ

0
(x− θ)(1− F (x))dx− θ2

= 2
∫ ∞

0
x(1− F (x))dx− (E(L))2 − 2

∫ θ

0
(θ − x)F (x)dx

= 2
∫ ∞

0

∫ x

0
1dy(1− F (x))dx− 2

∫ ∞

0

∫ x

0
(1− F (y))dy(1− F (x))dx− 2

∫ θ

0
(θ − x)F (x)dx

= 2( ∫ ∞

0

∫ x

0
F (y)dy(1− F (x))dx−

∫ θ

0
(θ − x)F (x)dx)

= 2( ∫ ∞

0

∫ ∞

x
(1− F (y))dyF (x)dx−

∫ θ

0
(θ − x)F (x)dx)

= 2
∫ ∞

0
( ∫ ∞

x
(1− F (y))dy − I{x<θ}(θ − x))F (x)dx

≥ 2
∫ ∞

0
(E(L)− θ)F (x)dx

≥ 0.

G”(t) ≥ 0 for any t and G′(t) is an increasing function. Thus, for 0 ≤ t ≤ E(L) − θ,

G(t) ≤ max(G(0), G(E(L)− θ)). G(0) = 0 and G(E(L)− θ) = −(E(L)− θ)2 ∫∞
0 (1−F (x +

E(L)))dx < 0. Thus G(t) ≤ 0 for any 0 ≤ t ≤ E(L)− θ.

3.1 Alternative models

Although the above assumption that, for a given fragment F1, every overlapping fragment

of F1 is equally likely to anneal to F1, is the most probable, other annealing mechanisms are

also possible. We considered two alternative models: the maximum overlap model and the
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minimum overlap model. Here we just present the relevant results without proof. The idea

of the proof is similar to that in Lander and Waterman (1988). In the maximum overlap

model, we assume that the fragment with the largest overlap with F1 (at least θ) anneals to

F1. Under this model

P (Di > s |Di > 0) =
∫∞
θ exp{−c

∫∞
x (1− F (l))dl}c(1− F (s + θ + x))dx

1− exp{−c
∫∞
θ (1− F (l))dl}

.

As c tends to infinity, p2 approximates α(1− α).

In the minimum overlap model, we assume that the fragment with the shortest overlap

(at least θ) with F1 anneals to F1. Under this model

P (Di > s |Di > 0) =
∫∞
θ exp{−c

∫ x
0 (1− F (θ + l))dl}c(1− F (s + θ + x))dx
1− exp{−c

∫∞
θ (1− F (l))dl}

.

As c tends to infinity, p2 approximates α(1− α)
∫ t

0
(1−F (θ+l))dl

∫∞
0

(1−F (θ+l))dl
.
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4 The Experimental Results

In the first reported experiment on DNA shuffling, Stemmer (1994a) reassembled a 1000

base pair (bp) molecule carrying the gene for the lacZα fragment by reassembling 10-50 bp

fragments. He recombined two different DNA species with two mutations at loci 75 bp apart

within the lacZα gene using equal concentrations of the two DNA species. After shuffling, n

= 386 colonies were assayed and the fraction of reassembled fragments with both mutations

was 24%, very close to the theoretical prediction of 25% according to the above recombina-

tion model. Stemmer also reassembled 14 different DNA species with 14 different mutations

obtained from the above experiment. The exact locations of the 14 mutations were not spec-

ified in that study. It is reasonable to assume that these 14 mutations are distributed along

the 1000 bp fragment uniformly. The average distance between adjacent markers is approx-

imately 1000/15 ≈ 67 bp. Thus we expect that these 14 markers recombine independently.

The probability that a reassembled fragment contains neither of the 14 mutations should be

(13/14)14 ≈ 35%. Indeed, the observed fraction of reassembled fragments with none of the

mutations was 34% (n = 291 colonies), very close to the theoretical prediction. Stemmer

(1994a) first observed that the recombination between different positions are independent

when the distances between them are shorter than the lengths of fragments used for shuffling.

Zhao and Arnold (1997) used DNA shuffling to distinguish functional from nonfunctional

mutations. They recombined a wild-type subtilisin E gene with a mutant 1E2A gene with

equal concentrations of the two genes. The lengths of the random shuffled fragments were

17



between 20 to 50 bp. Two mutations, an A to G mutation at position 995 and another A to G

mutation at position 1107, are functional as to the thermoactivities of the genes. After DNA

shuffling, n = 768 clones were sampled and their thermoactivities were measured. About

23% of the sampled clones have both mutations, very close to independent recombination.

There are scant experimental data available for the situation that the lengths of fragments

are larger than the distance between the mutations of interest. Stemmer (1994a) recombined

two markers 75 bp apart from random 100-200 bp fragments. 11% (n = 328 colonies) of

the reassembled fragments contained both mutations. Independent recombination was not

obtained. We assume that very short overlap is needed for the fragments to anneal, that

is, θ = 0. First let us consider the equally likely model. If we take the average length of

the fragments, 150 bp, as the length of the fragments used in DNA shuffling, Equation (??)

predicts the fraction of reassembled molecules with both mutations to be 3/16 ≈ 19%, much

higher than the observed value. If we assume that the lengths of the fragments have a

uniformly distributed on (100, 200], Equation (??) predicts p2 = 81/448 ≈ 18%, which

is still very large compared to the observed value. If we assume that the lengths of the

fragments have an exponential distribution with mean 150bp, then Equation (??) predicts

p2 = 0.25(1 − exp(−75/150)) ≈ 10% which is close to the observed value. But the last

assumption is not realistic as only fragments of lengths within (100, 200] bp were used in

the shuffling experiment.

For the maximum overlap model, we predict independent recombination between any

two loci when the coverage is very high. For the minimum overlap model (assuming very
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high coverage), if we take L = 150 bp, then p2 = 1/8 = 12.5% which is close to the observed

result. More data are needed to test the validity of the models.
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5 Potential Applications

In this section we assume the equally likely model. For general cumulative distribution

function F (x) of the lengths of fragments to be shuffled, it is difficult to give a closed formula

for the probability of a certain mutation configuration when several different DNA species

are shuffled. A computer algorithm has been developed to simulate the shuffling process

according to the above equally likely model. This algorithm can be used to approximate the

quantities of interests, such as the fraction of DNA shuffling products having certain mutation

configurations and the mean largest energy (logarithm of activity) among a sample of DNA

shuffling products. In addition it is useful to explore the effects of assumptions about F (x).

In the special case that F (x) = 1− exp(−λx), x > 0, where 1/λ is the average length of

the fragments used in the shuffling experiments, theoretical studies become possible. From

Equation (??), we see that the distances between the right ends of the consecutive fragments

along a full length reassembled molecule form a Poisson process. In the rest of this section,

we make this assumption.

5.1 Calculating the fraction of molecules with certain mutation

configurations

Suppose there are n different types of DNA species which will be referred to as parent

molecules. There are m polymorphic loci with mutation Mi, i = 1, 2, · · · ,m, at the i-th

locus along a region of interest. Let the distance between the i-th locus and the i+1-st locus
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be ti. Each molecule can be represented as a (0, 1)-array of size m with index 1 at position

i if the molecule has mutation Mi and 0 otherwise. The j-th type parent molecules will be

represented as (cj1, cj2, · · · , cjm). In the shuffling experiment, let αj, j = 1, 2, · · · , n be

the fraction of j-th type parent molecules. Denote P (CiCi+1 · · ·Cm) as the probability that

a randomly chosen reassembled molecule has index Ck ∈ {0, 1}, k ≥ i at the k-th locus

and Pj(CiCi+1 · · ·Cm) the corresponding probability given the the i− 1-st and the i-th loci

are covered by one fragment coming from an j-th type molecule. In order that a randomly

sampled molecule has mutation configuration C1C2 · · ·Cm, the fragment covering the first

locus must come from a parent molecule whose index at the first locus is C1. The parent

molecule is an j-th type molecule with probability αj. If the fragment covering the first locus

ends after the second locus (with probability exp(−λt1)), the first and the second loci are

on the same fragment. If the fragment covering the first locus ends before the second locus

(with probability 1− exp(−λt1)), the rest of the molecule is randomly reassembled from the

parent molecules. Because of the properties of the Poisson processes, we have the following

recursive formula

P (C1C2 · · ·Cm) =
n

∑

j=1
αjI{C1=cj1}[ exp(−λt1)Pj(C2C3 · · ·Cm)+(1−exp(−λt1))P (C2C3 · · ·Cm)].

Pj(C2C3 · · ·Cm) = I{C2=cj2}[ exp(−λt2)Pj(C3 · · ·Cm) + (1− exp(−λt1))P (C3 · · ·Cm)].

From the above formula, it is possible to calculate the fraction of reassembled molecules

having a certain mutation configuration. In particular, when we shuffle equal concentrations

of m different types of molecules, of which the i-th type molecules have a mutation at the
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i-th locus, we have

P (11 · · · 1) =
m−1
∏

i=1
(1− exp(−λti))/mm.

5.2 Maximizing the mean largest energy among a sample of DNA

shuffling products

In some applications, the need for screening rather than selection for the biological function

of interest severely limits our ability to screen very large number of colonies. If only a lim-

ited number of colonies, say S, are screened after DNA shuffling, it is not always optimal

to recombine all the available molecules of interest (Moore et al. 1997). They studied the

number of molecules to be recombined to maximize the largest energy (the natural loga-

rithm of the activity) among a sample of S molecules using simulation approaches assuming

the mutations of interest can recombine independently and equal concentration of different

molecules in DNA shuffling.

If the energies of different species of molecules are known a prior, it is reasonable to put

different concentrations of the available molecules in DNA shuffling experiments to maximize

the largest energy among a sample of S shuffling products. It is also reasonable to choose the

length of fragments to be reassembled to achieve this goal. Next we formulate this problem

into an optimization problem. Suppose the energy of the molecules with mutation Mn is en.

We also assume that the energies are additive.

Using the above formula, we can calculate the probability of a certain mutation configu-
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ration of a randomly chosen DNA shuffling product. Define the random variable

Xs =
∑

i
eiIs{Mi},

where Is{M} = 1 if the molecule has mutation M and equals 0 if it does not have the

mutation. The target function is

T = E(max1≤s≤SXs).

The determination of the length of fragments to be shuffled and the concentrations of

different molecules to maximize the target function is a challenging computational problem.

5.3 Physical mapping using DNA shuffling

There are many physical mapping methods such as radiation hybrid mapping (Cox et al.

1990), optical mapping (Schwartz et al. 1993), STS mapping, and physical mapping by

fingerprinting random clones (see Lander and Waterman 1988 for some references to classical

experiments). It is also possible to order marker loci using genetic mapping methods such

as pedigree analysis and sperm typing (Boehnke et al. 1989). DNA shuffling provides

an alternative method of physical mapping. Compared to radiation hybrid mapping, DNA

shuffling is experimentally simple. It does not need the enzyme hypoxanthine phosphoribosyl

transferase (HPRT) to rescue the hybrid cells. This property might make DNA shuffling

a preferred technology to do physical mapping for some organisms that lack enzymes to

distinguish hybrid and non-hybrid cells. As shown below, physical mapping using DNA
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shuffling needs DNA molecules heterozygous for the marker loci of interest. In radiation

hybrid mapping, any DNA molecules, not necessarily heterozygous for the marker loci, can

be used. Sperm typing can be applied to make high resolution genetic maps of human

chromosomes due to the availability of large number of sperm that can be typed. When the

marker loci are close, many sperm need to be typed to obtain accurate estimation of the order

of marker loci and the distances between them. For example, to estimate a recombination

fraction of θ = .01 with maximum probable error of .25θ, over 6,000 sperm need to be typed

(Boehnke et al. 1989). In DNA shuffling, by suitably choosing the lengths of fragments to be

reassembled, we can control the probability of crossovers between the marker loci of interest

and thus greatly reduce the number of clones that need to be typed to estimate the distances

between loci.

Next we indicate how to make physical maps using DNA shuffling. As in genetic mapping

using sperm typing, we first need individuals heterozygous for at least three loci. The number

of individuals needed to achieve this goal was given in Boehnke et al. (1989). The DNA

from such individuals are collected and used in DNA shuffling. Suppose an individual is

heterozygous for m marker loci. Let the alleles at one strand be Ai, i = 1, 2, · · · ,m and the

alleles at the other strand be Bi, i = 1, 2, · · · ,m. We denote the A allele as 1 and the B

alleles as 0. As above, let ti be the distance between locus i and locus i + 1. Certainly, here,

equal concentrations of the two types of molecules are used for DNA shuffling. After DNA

shuffling, we sample many molecules and type each molecule at the m loci. Each sampled

molecule may have alleles Ai, Bi or ? at the i-th locus, where ? means locus i is not typed
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or ambiguous.

To order these m loci, we can use the criterion of minimizing the number of obligate

breaks for these m molecules (Cox et al. 1990). The number of obligate breaks of a molecule

is defined as the number of times runs of A’s and B’s change. The order of the marker

loci is taken as the order that have the minimum number of obligate breaks across all the

molecules. Because in DNA shuffling the crossover probability increases as the distance

between two loci increases, this criterion is statistically consistent, that is, as the number

of typed molecules tends to infinity, the estimated order converges to the true order (Lange

1997). The criterion of minimum obligate breaks was used in radiation hybrid mapping and

algorithms have been developed to find the marker orders having the minimum number of

obligate breaks (Boehnke and Lange 1991, Lange 1997).

As in radiation hybrid mapping, the advantage of the minimum number of breaks crite-

rion is that it does not depend on the model of crossovers between different species. The

disadvantage is that it does not provide estimates of physical distances between loci nor the

comparisons of likelihoods of competing orders. To overcome the disadvantages, a maximum

likelihood approach should be used. We denote the A alleles as 0 and the B alleles as 1.

The DNA molecules with all A alleles as type 0 DNA molecules and DNA molecules with B

alleles as type 1 DNA molecules. Using the above general recursive formula, here we have

P (C1C2 · · ·Cm) =
1
2
[ exp(−λt1)PC1(C2C3 · · ·Cm) + (1− exp(−λt1))P (C2C3 · · ·Cm)].

PC1(C2C3 · · ·Cm) = I{C2=C1}[ exp(−λt2)PC2(C3 · · ·Cm) + (1− exp(−λt1))P (C3 · · ·Cm)].
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From this formula we can calculate the likelihood of a particular reassembled molecule.

The log-likelihood of many shuffled molecules is the sum of the log-likelihoods across all the

molecules. It is then possible to obtain the maximum likelihood estimation of the order and

the distances between the loci. The likelihood function in this situation is different from

that in radiation hybrid mapping, and new algorithms need to be developed.
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6 Discussion

In this paper, we construct a probabilistic model for DNA shuffling. First we model the

distribution of random fragments along the genome using the Lander-Waterman model for

physical mapping by fingerprinting random clones. Based on this model, we give correspond-

ing results for the distribution of regions that can be reassembled through DNA shuffling.

These results correspond to the Lander-Waterman results for the distribution of islands and

contigs along the genome. Then we model the recombination between two markers. We show

that if the lengths of fragments to be reassembled are smaller than the distance between the

two markers, recombination is complete, i.e., the two markers recombine independently. On

the other hand when the lengths of random fragments are larger than the distance between

the two makers, the two markers do not recombine independently. We derive a formula for

the probability of recombination between two loci. Based on this formula, we give the proba-

bility that a reassembled fragment has two, one and none of the two mutations. We compare

this model with experimental results. This recombination model can easily be extended

to multiple markers. Based on this model, we can study many problems related to DNA

shuffling. We give three applications of the theoretical results: calculating the fraction of

DNA shuffling products having a certain number of mutations, maximizing the mean largest

energy among a sample of DNA shuffling products, and constructing physical maps using

DNA shuffling.

Recently two new alternative shuffling methods: random-priming in vitro recombination
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(RPR) (Shao et al. 1998) and staggered extension process (StEP) in vitro recombination

(Zhao et al. 1998), were proposed. In RPR, instead of using DNase I to randomly break

each DNA strand, PCR with random primers was used to prepare fragments used in DNA

shuffling. The recombination models presented in this paper can be directly applied to RPR.

In StEP, two fixed primers flanking the target region were used and very short extension

time was carried out in each PCR cycles. This process will generate many growing strands

and these growing strands anneal randomly to the parent template strands in the following

PCR cycles. Finally full length reassembled molecules can be obtained. Here, as in the

above model, each reassembled molecule is a concatenation of fragments randomly selected

from the template sequences. The distribution of the lengths of the consecutive fragments

equals the distribution of the lengths of extension at each PCR cycle.

DNA shuffling has been used in many in vitro evolution experiments. Mutagenesis, in

particular DNA shuffling, is only one component in in vitro evolution experiments. The

problem of incorporating the model of DNA shuffling into models of in vitro evolution is a

project for future research.
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Table 1. The probability that a target of length t = 25 can be reassembled through DNA

shuffling with fragment length 1 for different values of coverage c and overlap fraction θ.

Coverage c

θ 4 5 6 7 8 9 10

0.00 0.15 0.44 0.69 0.86 0.94 0.98 0.99

0.25 0.00 0.01 0.18 0.41 0.62 0.77 0.87

0.50 0.00 0.00 0.00 0.00 0.02 0.08 0.19
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Figure Legends

Figure 1 PCR without primers. a) two double-stranded DNA fragments;

b) The two double-stranded fragments are separated into single-

stranded ones through denaturing; c) Overlapping fragments an-

neal to each other; d) 5′ overhangs are extended by polymerase

extension and 3′ overhangs are not changed.

Figure 2 The extension of the i-th fragment along a reassembled molecule.

li: the position of the right end of the i-th fragment; Di: the

distance from the right end of the i− 1-st fragment to the right

end of the the i-th fragment; X: the distance from li − θ to the

left end of the annealed fragment; and L: the length of annealed

fragment.

Figure 3 Recombination of two DNA species in DNA shuffling. a) The

two DNA species with different mutations (*); b) Break by

DNase I; c) Fragments anneal to each other; d) Recombine to

obtain a molecule with both mutations.
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